In this paper, we discuss the correlation between the selfdual normal bases of F q v and F q t over F q with those of F q n over F q , where n = vt and (v, t) = 1. In particular, we prove that if α and β generate self-dual normal bases of F q v and F q t respectively over F q , then γ = αβ generates a self-dual normal basis of F q n over F q . We also explore the other direction and prove that if γ = αβ (where α ∈ F q v , β ∈ F q t and γ ∈ F q n ) generates a self-dual normal basis of F q n over F q , then both α and β generate trace-orthogonal normal bases. We also provide the possibility of a relation between the number of self-dual normal bases of F q n over F q and those of F q m over F q , where n = p t m with (m, q) = 1.
Introduction
Fix a finite field F q with characteristic p. Consider an extension F q n of F q , and α ∈ F q n . Then F q n can be viewed as a vector space of dimension n over F q . A normal basis of F q n over F q is a basis of the form N = {α 0 , α 1 , . . . , α n−1 }, where α i = α q i , 0 ≤ i ≤ n − 1. We say that α is a normal element of F q n , or that α generates the normal basis N . It is well-known that the normal bases exist in any finite field extension [10, Theorem 2.34].
For α ∈ F q n , the trace map T r F q n /F q from F q n to F q is defined by
, and T r F q n /F q (α) is always an element of F q . Let M = {β 0 , β 1 , . . . , β n−1 } be another basis of F q n over F q ; M is said to be the dual basis of N if T r F q n /F q (α i β j ) = δ ij , 0 ≤ i, j ≤ n − 1 (δ ij denotes the Kronecker delta function, i.e., δ ij = 0 if i = j, and δ ij = 1 if i = j). If α generates a normal basis N of F q n over F q and β generates the dual basis of N , then β is a dual element of α. We know that the dual basis of a normal basis is also a normal basis [6, Corollary 1.4] .
The basis N = {α 0 , α 1 , . . . , α n−1 } is said to be trace orthogonal of F q n over F q if T r F q n /F q (α i α j ) = 0 for i = j. If, in addition, T r F q n /F q (α
There are several classes of bases in extension fields such as polynomial basis, normal basis, self-dual normal basis. A polynomial basis may be efficient, but it is not necessarily efficient for multiplication. A normal basis is efficient for a Frobenius mapping. A self-dual normal basis is efficient for not only a Frobenius mapping but also for trace calculations. On the other hand, it is well known that normal bases are widely used in applications of finite fields, in areas such as coding theory, cryptography, signal processing, and so on [1, 2, 11, 12] . In particular, self-dual normal bases are useful in arithmetic, Fourier transform, and have applications in coding theory and cryptography [3, 4, 7, 8, 14] . Contrary to normal bases, not all extensions of finite fields admit self-dual normal bases [9] . However, it is difficult to construct a self-dual normal basis in arbitrary extension field.
In [6, Theorem 4.1] it has been discussed the possibility for a product of two normal bases generators to be a normal basis generator and Liao Qunying [13] discussed the distribution of the normal bases.
In this paper, we discuss the possibility for a product of two self-dual normal bases generators to be a self-dual normal basis generator and vice versa. In addition, we also provide the possibility of a relation between the number of self-dual normal bases of F q n over F q and those of F q m over F q , where n = p t m with (m, q) = 1.
Preliminaries
The following results are used a number of times, so we state it explicitly. The cardinality of the group OC(n, q) is determined by Beth et al. [5] . Let x − 1, possibly x + 1 (this factor arises only if q is odd and n is even) and f 1 , . . . , f r be the irreducible factors of x n − 1. (Thus the f i are those irreducible factors of x n − 1 which have roots of order ≥ 3.) Now any irreducible factor f of x n − 1 gives rise to a further (not necessarily distinct) irreducible factor f obtained by dividing the reciprocal polynomial
Hence one may split the irreducible factors of x n − 1 with roots of order ≥ 3 into those satisfying f = f (in which case f necessarily has even degree) and into a certain number of pairs (f, f ) with f = f . Without loss of generality, we write r = s + 2t and assume
(1)
Lemma 2.5. (See [5, Theorem 1] .) Let n and q be coprime, let the irreducible factors of x n − 1 with roots of order ≥ 3 over F q be labelled as in (1) , and denote their degrees by 
Then one has
OC(n, q) = s i=1 q d i + 1 t j=1 q e j − 1 , where = ⎧ ⎨ ⎩ 1 ifOC(2s, q) = ⎧ ⎪ ⎨ ⎪ ⎩ q (s+1)/2 |OC(s, q)| if s is odd; 2q s/2 |OC(s, q)| if s ≡ 2 (mod 4); q s/2 |OC(s, q)| if s ≡ 0 (mod 4).
Results

Recursive construction of self-dual normal bases
In this section, we give the results that provide us a way to recursively construct the self-dual normal bases. 
for 0 ≤ i, j ≤ v − 1, and
Note that α
from (4), we have
where
From (2) and (3), we have T r
where at least
Using these in (7), we get
Hence, on combining (6) and (8), we get
where 0 ≤ i, j ≤ n − 1. Consequently, the normal basis S = {γ 0 , γ 1 , . . . , γ n−1 } is a self-dual normal basis of F q n over F q . 2 Theorem 3.2. Let n = vt with v and t relatively prime. Suppose, for α ∈ F q v and β ∈ F q t , γ = αβ ∈ F q n is a generator of the self-dual normal basis of F q n over F q . Then the normal bases generated by α and β are trace-orthogonal.
Proof. Let α ∈ F q v and β ∈ F q t . Suppose S = {γ 0 , γ 1 , . . . , γ n−1 } is a self-dual normal basis of F q n over F q , generated by γ = αβ ∈ F q n . So, we have
where 0 ≤ i, j ≤ n − 1. From Lemma 2.3, it is clear that α and β will generate the normal basis of F q v and F q t respectively, over F q . Let N = {α 0 , α 1 , . . . , α v−1 } and M = {β 0 , β 1 , . . . , β t−1 } be the normal bases of F q v and F q t over F q , generated by α and β, respectively. For 0 ≤ i ≤ n − 1, from (5), we have
for at least
Now, we will show that α generates trace-orthogonal basis of F q v over F q . For this, we first observe that as i, j runs over {0, 1 . . . , n − 1}, then i 1 , j 1 runs over {0, 1 . . . , v − 1} and i 2 , j 2 runs over {0, 1 . . . , t − 1}. Now from (9) and (10), we have
Further, we suppose
, consider the following linear systems of congruences
and
The solutions of the above systems exist by the Chinese remainder theorem and they are unique modulo n = vt. Let 0 ≤ i, j ≤ n − 1 be the unique solutions modulo n for (12) and (13), respectively. So corresponding to this i and j, it follows from (9), (10) and (11) that
Thus,
Hence α produces a trace-orthogonal basis of F q v over F q . Now working similarly as above, one can show that β also produces trace-orthogonal bases of F q t over F q . 2
Distribution of Self-dual normal bases
From Lemma 2.2, it is well known that a self-dual normal basis of F q n over F q exists only when n is odd, or q is even and n ≡ 2 (mod 4).
In this section, the possibility of a relation between the number of self-dual normal bases of F q n over F q and those of F q m over F q , where n = p t m with (m, q) = 1 is considered. We discuss the relation in the following two cases: (a) Here, we establish the relation between SDN (n, q) and SDN (m, q), when both n and q are odd with (m, q) = 1. Proof. Fix a finite field F q with odd characteristic p. Let us consider the finite extension F q n /F q , where n = mr is an odd positive integer with (m, q) = 1. Let OC(s, q) be the group of s × s orthogonal circulant matrices over F q . Then, from Lemma 2.6, we have
For some positive integer t, using (14), we get
The relation between the cardinality of the group of n × n orthogonal circulant matrices, denoted by |OC(n, q)|, and the number of self-dual normal bases of F q n over F q , denoted by SDN (n, q), is given by
When n = p t m, then from (15) and (16), the relation between SDN (n, q) and SDN (m, q)
is given by
Now, assume that
holds for some positive integer t and n = mr with (m, q) = 1.
Since the number of self-dual normal bases of F q n over F q is always greater than the number of self-dual normal bases of F q m over F q , from (17) it is clear that
should be a positive integer (some power of p).
For n, we have one of the three possibilities:
(ii) n = mr, where r = p v e for some positive integer e > 1 and (e, q) = 1.
(iii) n = mr, where r = p w with w ≥ 1.
(i) Suppose n is a positive integer such that (n, q) = 1. Let f * denote the reciprocal polynomial of f (x) over F q . Let f denote the polynomial obtained by dividing the reciprocal polynomial f * of f by the constant term of f . Suppose
where 
The relation between SDN (n, q) and |OC(n, q)| is given by SDN (n, q) = 1 n OC(n, q) .
When n = 2m, then from (26) and (27), the relation between SDN (n, q) and SDN (m, q) is given by SDN (n, q) = 1 2 q (m+1)/2 SDN (m, q).
Now, assume that
holds for n = mr with (m, q) = 1.
Since n ≡ 2 (mod 4), we assume that n = 2me, where m and e are odd. From Lemma 2.7, we get OC(2em, q) = q (em+1)/2 OC(em, q) ,
since em is odd. From (27) and (29), we get
From ( 
which is a contradiction for e > 1 because the number of self-dual normal bases of F q em over F q is always greater than the number of self-dual normal bases of F q m over F q . Thus the above equality holds only if e = 1. This means n = 2m. 2
